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Abstract

Mean-Variance (MV) theory for portfolio selection is based on assumptions in-
volving parameters that have to be estimated using historical data. Depending on
the method of estimation, the estimates will suffer from estimation error and/or spec-
ification error, both of which will effect the portfolio optimization in such a way that
the resulting optimal portfolio is not the true optimal portfolio. It is therefore of
interest to make the estimates as good as possible, in order to avoid as much as
possible the effects of this uncertainty.

In this paper we focus on the estimation of the covariance matrix for stock returns
on the Swedish market. This is one of the two input parameters of MV optimization,
the other being the expected return vector. We do this using Bayesian shrinkage
and principal component analysis in combination with random matrix theory. Our
empirical results implies that such an approach is better than all those previously
proposed.

1 Introduction

The Mean-Variance (MV) theory of Markowitz (1952,1959) for portfolio selection is by
many considered as one of the most important contributions to modern financial eco-
nomics. The method is however sensitive to small changes in the two input parameters,
the expected return vector and the covariance matrix for the returns. In this paper we
will concentrate on improving the performance of MV optimization for portfolio selection
on the Swedish stock market by improving the estimation of the covariance matrix. For
this purpose we construct a contest between different estimators where the metric is the
out-of-sample volatility of the global minimum variance portfolio implied by the different
estimators.

It is often argued that estimating the covariance matrix is less important than estimating
the expected returns. The argument is that the portfolio weights are more sensitive to
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changes in the expected return vector than changes in the covariance matrix. But, at
the same time, the difficulty of estimating expected returns compared to estimating the
covariance matrix implies that the most improvement that can actually be made on MV
optimization lies in covariance matrix estimation. Secondly, the estimation of the expected
returns should preferably use restrictions from economic theory since it implies a return
to equilibrium models such as the Capital Asset Pricing Model (CAPM) or factor models
like the Arbitrage Pricing theory (APT), while the estimation of the covariance matrix is
mainly based on financial econometrics.

The usual sample covariance matrix is rarely used since the portfolios it produces of-
ten are practically worthless, at least when no portfolio weight restrictions are imposed
to control for extreme long and short positions caused by estimation error. The primary
problem is that the sample covariance matrix requires estimating too many parameters
because it imposes too little structure and that it overfits the sample data. The cure is
naturally to impose some structural assumptions, but at the same time it is usually hard
to decide on how much and what factor structure to impose. In this paper we will im-
pose structure by combining Bayesian Stein shrinkage with principal component analysis
where we rely on random matrix theory to determine how many principal components it
is meaningful to include.

The proposed estimators are combinations of the work on random matrix theory for stock
correlations by Plerou et al. (2001) and the estimators proposed by Ledoit & Wolf (2001)
and Jagannathan & Ma (2000). Ledoit & Wolf (2001) develop a shrinkage estimator that is
an optimally weighted average of the sample covariance matrix and the covariance matrix
implied by the market model of Sharpe (1963). Jagannathan & Ma (2000) extend this
notion by adding a third matrix that is the diagonal part of the sample covariance matrix.
In both cases we replace the covariance matrix implied by the market model with a K
factor principal component covariance matrix where the choice of the number of factors
K is inspired by Plerou et al. (2001).

The paper is structured in the following way. In section two we give a short introduc-
tion of MV theory, which is the basis and motivation for the entire paper. In section
three we discuss a few techniques on how to estimate the covariance matrix. This includes
a discussion on principal component analysis and random matrix theory, which are the
tools needed for improving the estimators of Ledoit & Wolf (2001) and Jagannathan &
Ma (2000). In section four we discuss the shrinkage estimator of Ledoit & Wolf (2001) and
make the modifications needed to replace the covariance matrix implied by the market
model of Sharpe (1963) with a K factor principal component covariance matrix. Which
estimator is the best is an empirical issue. We will devote section five to this by letting
the developed covariance matrix estimators compete against those proposed in literature.
We conclude the paper with a brief summation in section six.



2 Mean-Variance Portfolio Selection

The MV portfolio selection theory orders different strategies by only taking into account
the first two moments of the probability distributions of the asset returns, mean and vari-
ance, the variance being our risk measure. Consequently, a rational investor will only
choose between those portfolios that for a certain expected return offers the least possible
amount of risk, or alternatively, maximizes the level of expected return given a certain
willingness to take on risk.

We define g = [E[r1], E[ra], ..., E[rn]]T as the vector of expected returns and X as the co-
variance matrix for the returns where o;; = 02 = Var[r;] and oy; = Cov[ry, ;). A portfolio
consisting of N assets is then described by vector of weights, w = [wy, ws, ..., wy]T, where
the ith weight w; is the fraction of the total amount of invested capital that is placed on
asset 7. By definition the weights must sum up to one, i.e. w’'1 = 1, which is the investor’s
budget constraint. The expected return and variance of the portfolio is then simply

Efr,] = win (1)
Var[r,] = w!Zw. (2)

Not including any risk free asset and allowing for unlimited short selling, we can write the
simplest MV optimization problem as

1
max {thu ——wiEZw | wil= 1} , (3)
w 2
where 1 denotes a N x 1 vector of ones and the parameter ¢t is the MV investor’s risk

tolerance parameter which relates expected return to risk. Solving equation 3 yields the
well known formula for the optimal portfolio as

w*:zcllﬂ(z‘l (u—lca)) (4)

a=1T2"1p
c=1Tx"11.

where

For future references we also note that the only portfolio that will not require an estimate

of u, i.e. that only depends on the covariance matrix, is the minimum variance portfolio

(MVP) which is given by
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3 Some Covariance Matrix Estimators

3.1 The Sample Covariance Matrix

The sample covariance matrix has the appealing quality of being maximum likelihood
(ML) under the assumption of normality, meaning that it is the best unbiased estimator.
However, it also comes with some major drawbacks. First of all, the fact that the sample



covariance matrix is ML may not only be positive. ML means that we put all our trust in
the data, which is a sound principle if have enough data. In small samples, however, we
may therefore run the risk of overfitting the data. This means that although the sample
covariance matrix performs the best in-sample, it may perform very poorly out-of-sample.
Secondly, we have to estimate quite a lot of parameters, namely N(N + 1)/2. As an
example, this means that if we have say 100 assets to choose from, we have to estimate
5050 parameters. Estimating so many parameters is clearly a problem in the sense that
we again need a lot of data. This can be illustrated in the following way.

Define R = [r1,r,...,rp| as an N x T matrix where the rows are the time series of
historical returns for the different assets and

1 & 1
F= — — _RI1.
r T;rt T

We can then write the sample covariance matrix as

T
. 1 o T _ 1 71 T T
SfiT_ltgzl(rt r)(r; — 1) T—1R<I Tll )R , (6)

where I denotes the identity matrix and T equals the number of historical observations on
each of the assets'. From equation 6 we make the important observation that the sample
covariance matrix will never be invertible if N > T, even if true the covariance matrix is.
This follows since the maximum rank of S will be the rank of I — 117 /T which is T — 1.
Thus if the the number of assets exceeds the number of available observations, the sample
covariance matrix will be non-invertible. This is particularly alarming since we saw in
equation 4 that the investor’s optimal portfolio choice depends upon the inverse of the
covariance matrix.

3.2 The Market Model

In this context, factor models assume that the returns are generated by specific exogenous
factors, usually observables with some economical interpretation. This means that we
impose some form of structural assumptions and the fewer the factors, the stronger the
structure. Not surprisingly, the most important factor usually proves to be the market.
The well known capital asset pricing model (CAPM) can for example can be thought of as
a one factor model depending on the market. This is Sharpe’s (1963) single-index market
model.

We formulate the single-index model for an individual asset as follows
Tit = G + Bitme + i (7)
or in matrix form for all N assets as

ry =a+ Bry, + e, (8)

INot be confused with the superscript T, which always denotes the transpose of a matrix/vector.



where €; is a N X 1 vector containing the zero mean uncorrelated residuals €;;. The
covariance matrix for the asset returns, implied by the market model, then becomes

® =03,88" + 3., (9)

where o3, is the variance of the market portfolio. We can estimate this model by e.g.

performing a multivariate regression. We denote the estimated model by
F = s2,bb” + 3. (10)

We note that in choosing a single-index covariance matrix we must only estimate 2NV 4 1
parameters, which is a major reduction compared to the sample estimator. Since we have
more data per estimated parameter, we can therefore expect a reduction in estimation
error. This is of course at the expense of introducing specification error instead, due
to the rather restrictive assumption that the asset returns are generated by a simple
linear function of the market. On a more technical note, when estimating covariances it
is sometimes the case that an equally weighted index is better at explaining covariances
than the actual value weighted index (see Ledoit & Wolf (2001)). This is a slight departure
from CAPM theory where the composition of r,; is of great importance. Therefore, when
we use the single-index covariance matrix in the remainder of the paper, we will examine
both the case when rj; is a value weighted index and the case when it is a simple average
over all assets.

3.3 Principal Component and Factor Analysis
3.3.1 Sample Principal Components

The goal of principal component analysis (PCA) is to explain covariance structures using
only a few linear combinations of the original stochastic variables. What PCA accomplishes
is (1) data reduction and (2) interpretability. For an N X N covariance matrix, N principal
components are needed to reproduce all variability in the system, but often, however,
most variability can be explained by a lesser number K, K < N, principal components
without losing much information. As a bonus, PCA often prove to reveal relationships
that otherwise would have been hard to see or even suspect.

Definition 1. The (sample) principal components are those linear combinations

N
fi=€r =Sty i=1,2,. N (11)
n=1

for which the variances and covariances are given by

Var[f;] = £7Se, i=1,2,.N

12
Covlfi, fj] =£/S¢; i,j=1,2.N (12)

of the N stochastic variables (in our case asset returns) that gives the direction of mazimum
variance in the sample in such a way that the principal components are uncorrelated to
each other and EZTEZ- =1,i=12,...,N.



Let the stochastic vector r = [r;, 72,...,7x]7 be any observation on ry = [ri, 72, ..., ne] L

for t = 1,2,...,T and let r have the (sample) covariance matrix S with eigenvalues A\; >
Ao > ... > Ay > 0. We then find the ith principal component f; from the solution of

2r'se,; o
mﬁx{ i | Cov[fi, f;]=0,Y0<j < z} . (13)

The optimal weight functions £; are thus functions of the covariance matrix alone. As
it turns out, we have the following result that enables us to extract the optimal weight
functions from the covariance matrix without solving a number of optimizations.

Proposition 1. Let S be the (sample) covariance matriz for the stochastic vector r =
[75,79, ..., N]|T and let S have eigenvalue-eigenvector pairs (e1, A1), (€2, A2), ..., (en, An)
where Ay > X2 > ... > Ay > 0 and e; = [elj,ezj,...,eNj]T. Then the ith (sample)
principal component is given by

N
fi=elr=> eurn i=12.,N (14)
n=1
and
Var[f;] =el'Se, =)\, i=1,2,.N
T (15)
Cov[fi, fi] =e;Se; =0 i#j.
Proof. See Johnson & Wichern (1992). O

Thus, the principal components are determined by the eigenvectors of S and their variances
equal the corresponding eigenvalues. For future discussions the following proposition will
also be useful.

Proposition 2. Let S be the (sample) covariance matriz for the stochastic vector r =
[7i,79, ..., N|T and let S have eigenvalue-eigenvector pairs (€1, A1), (€2, X2), ..., (en, An)
where A\1 > Ao > ... > Ay > 0 and e; = [e1j, €25, ...,enj|T. Let fi =efr, fo =elr, ...,
In = ekr be the (sample) principal components. Then the (sample) correlation between
the ith asset and the jth principal component is given by

iV A
Corr[r;, f;] = SV (16)
Sii
Proof. See Johnson & Wichern (1992). O

3.3.2 Standardized Principal Components

Sometimes variables measured on different scales with differing ranges, e.g. assets with
widely different magnitudes of volatility, are standardized to avoid an unreasonably large
impact on the principal components by only a few variables. Their interpretational proper-
ties may also become clearer. Especially for financial assets it is intuitively more appealing
to investigate the correlations rather than the covariances. In this way the first principal
component for asset returns usually proves to represent a kind of market factor. Other
principal components often mirror industry specific effects.



The standardization of the variables is performed in the following manner
2, =V 12, —F) t=1,2,..,T, (17)

where V is a diagonal matrix containing the sample variances. For the matrix of standard-
ized observations Z = [z, Zo, ..., 27|, the standardized sample covariance matrix is given
by

1 T
S.=C=-—77". 1

The principal components of Z are obtained in the same way as before by simply replacing
S with C in proposition 1. However, the principal components will be greatly affected by
the standardization, as they should be, and the quantities derived from C are generally
not the same as those derived from S. In fact, the two sets of principal components will
in no way be simple functions of each other.

3.3.3 The Principal Component Method for Orthogonal Factor Models

As before, let the N dimensional stochastic vector r be any of the stochastic variables r,
for t = 1,2,...,T with (sample) mean m and (sample) covariance matrix S. The factor
model is based on the assumption that the variables all depend on a number of underlying
and unobservable stochastic factors, denoted Fi, Fs, ..., Fix, as well as the variable specific
errors/variations e1, €, ...,£y. Written in matrix form the factor model looks as

r—m=LF+e. (19)

We call the coefficients ¢;; of L the loading on variable ¢ by factor j. Here F is an
unobservable vector of the factors, not to be confused with the single-index covariance
matrix also denoted F. Furthermore we assume that

E[F]=0 Var[F]=E[FF|=1I

20
Ele] =0 Var[e] = E[ee’] = @, (20)

where W is a diagonal matrix containing the residual variances and Cov[F,e] = 0. The
covariance structure for r implied by our assumptions then becomes

Var[r] = E[(r — m)(r — m)T] = E[(LF + ¢)(LF + ¢)7]

21
= LE[FF'|LY + E[eFT|LY + LE[Fe”] + Elee’] = LL” + @ 1)

and we have
Var[ry] = 02 + 02 + ... + 5 +1bi = h? + 1y

COV[?"i,T'j] = gilgjl +€i2£j2 -+ ... +£ZKEJK (22)
COV[’I"i, Fj] = &j = 4/ )\jeij.
One method for estimating factor loadings and specific factors is the principal component
method. The method is based on a spectral decomposition of the sample covariance matrix.



Proposition 3. Let S have the eigenvalue-eigenvector pairs (e1, A1), (€2, A2), ..., (en, An)
where Ay > Ao > ... > Ay > 0. Then

S = \eel +\e.el + ...+ Ayeyek

Vel
e]
=[VAer Ve .. Ayey ] JE . (23)

VAney
Proof. See Johnson & Wichern (1992). O

We see that the decomposition in equation 23 fits exactly into equation 21 with the specific
variances equal to zero, i.e. ¥ = 0. We can therefore write equation 23 as

s=LL", (24)
where L is an N x N matrix. We notice that the loadings on the jth factor are the
coefficients in the jth principal component times a scale factor \/E . This is an exact
representation, but we are however interested in describing the covariance structure using
only a few common factors. We know from the previous section that this can be done by
using only the first K principal components, so neglecting the contribution of the smallest
eigenvalues we can write an approximation of equation 23 as

S~ Meel + ) eel + ..+ \eegek
Vel
VAer T
=[] Vher Ve ... Ageg | : =LL",
VAgek
where L is an N x K matrix. If we also assume that the specific errors are significant, we
can take them as the diagonal of S — LL” and the approximation becomes

(25)

S~LL" + ¥, (26)

where 1;; = s; — h?. This is of extra relevance when analyzing the sample correlation
matrix since it makes sure that diagonal elements in the correlation matrix still will be

equal to one.

3.3.4 Choosing How Many Factors to Include

A commonly accepted rule of thumb, but with weak theoretical support, is that one should
only use eigenvalues larger than one, i.e. the ones that explain at least 1/N percent of
the total standardized variance. For our purpose it is however of interest to use a rule
that is a bit more theoretically founded. We find such a rule in the relatively new field of
econophysics and the work of Plerou et al. (2001), Plerou et al. (1999), Laloux et al. (1998)
and Guhr (2001). The idea is to try to separate the real correlation from the estimation
error by comparing the properties of the sample correlation matrix with known results for



a completely random correlation matrix.

Let C be defined as 1
C=_-—2727" 27
71 (27)
where Z contains mutually uncorrelated time series with zero mean and unit variance from
an empirical asset distribution. It can been shown that? when N and T tend to infinity
such that @ = T'/N is fixed, the eigenvalue distribution fras(A) of a matrix such as C is

given by

Q \/()\mam - )\)(A - )\mzn)
2m A ’

frar(N) = (28)

where
>\min S A S >\ma:r

and the minimum and maximum eigenvalue bounds in turn are given by

maxr __ 1 1

Apad =14 0 + 2\/5. (29)
On US stock data, comparing the predicted distribution fras(A\) with the estimated prob-
ability density function (EDF) of the eigenvalues of C, Plerou et al. (2001) find no signif-
icant deviations, while fras(\) compared with the EDF of C shows that about 2% of the
eigenvalues differ significantly. These deviations from the remaining bulk of eigenvalues
consequently imply real correlations. The by far largest deviation is (naturally) for the
largest eigenvalue and Plerou et al. (2001) interpret it as the market factor. The other de-
viating eigenvalues are closely linked to specific regions and industries. Generally, however,
simply looking at the deviation of the eigenvalue spectrum of C from fras()) is not enough
to conclude that C is dominated by noise and that most of the genuine correlations are to
be found in the deviation from equation 29. However, Plerou et al. (2001) provide a very
extensive examination of the statistical properties of C and find no evidence against such
a conclusion. In fact, the deviating eigenvalues with corresponding eigenvectors seem to
be quite stable through time, implying that true correlations are also stable through time.
Due to the close relation between the principal components and the eigenvalue-eigenvector
pairs, our new rule of thumb will thus be to only choose those principal components that
are determined by the eigenvectors belonging to the eigenvalues that deviates significantly
from the maximum eigenvalue prediction of equation 29.

3.4 Constrained Portfolio Optimization

Imposing constraints on the portfolio weights such as no short selling restrictions and
upper bounds, may sometimes prove to reduce out-of-sample volatility of the investor’s
optimal portfolio. The no short selling restrictions can also be seen as a way of impos-
ing a little more realism into the portfolio choice problem, since it is often very hard,
or even impossible, for an ordinary investor to short sell an asset. However, there is a
more mathematical way of understanding the no short selling constraints, as is done by
Jagannathan & Ma (2002). No short selling constraints can be interpreted as a means of

2See e.g. Plerou et al. (2001) for references.



shrinking the largest variances and covariances, which cause the negative weights, towards
more standard values, since it can be argued that these extreme estimates are those most
likely caused by estimation error.

Denote the solution of

1 .
min {QWTEW | wil=1w> 0} (30)
w

as w*(ﬁ]) where 3 should be taken as an estimated covariance matrix, e.g. the sample
covariance matrix or the single-index covariance matrix. Also, denote the lagrangian
multiplier associated with non-negativity restriction 4 for this solution as 7;. It is now

possible to construct a new covariance matrix X so that its unconstrained MVP is w*(33).
Jagannathan & Ma (2002) derive an expression for this matrix as

2m m-+n ... m+nN
- . M2 + M 212 oo M2 t+nN
y=3- ) . ) ) , (31)
nN+m nn+n2 ... 2NN

which additionally is also non-singular. The proof is left out here. We see that for every
asset ¢ for which the non-negativity restriction is binding, the covariances are reduced by
n; +n; (a positive positive number) and the variance is reduced by 2n;. Obviously, as the
elements in row i of 3 increases in magnitude, the more one wants to break the restrictions
and the larger the lagrangian multipliers will be and the more the variance and covariances
are reduced. Hence, the new covariance matrix 3 is constructed by shrinking the largest
elements in the initial covariance matrix estimate towards more standard values. There
are of course many covariance matrices that also have the MVP w*(ﬁ)) Jagannathan &
Ma (2002) however provide a proof for the case when the initial estimate is the sample co-
variance matrix, that 3 is the covariance matrix that lies closest to the sample covariance

matrix in the sense that it is the constrained ML estimator. This proof is also left out here.

A similar discussion can be carried out in the case when also imposing upper bounds
on the portfolio weights, but instead of shrinking large elements, it corresponds to enlarg-
ing small elements. Empirically however, upper bound constraints does not seem to have
much effect on reducing out-of-sample volatility when lower bound constraints are already
in place, see e.g. Jagannathan & Ma (2002).

4 Shrinkage

Shrinkage is a typical Stein estimator, which in turn is a Bayesian statistical procedure.
Characteristic for Bayesian statistics is to assume a prior which should reduce the de-
pendency on purely estimated parameters by representing some form of structure. The
shrinkage estimator is an optimally weighted average between the sample covariance ma-
trix and the prior. The idea is that the prior should become increasingly more important
as the uncertainty of the sample estimate grows larger and that there exists an optimal

10



balance between estimation error and specification error. The prior can e.g. be a reason-
able guess or the result of an assumption. We denote the weight assigned to the prior
covariance matrix in the shrinkage estimator by a, 0 < a < 1, so that the larger « is,
the more structure we impose. In statistical terms, « is referred to as shrinkage intensity
and the prior can also be called shrinkage target. For a fairly general choice of prior,
the shrinkage estimator will always be invertible. This section is based on the shrinkage
estimator originally proposed by Ledoit & Wolf (2001).

4.1 The Shrinkage Estimator of Ledoit & Wolf (2001)

In this section the prior is the single-index covariance matrix of Sharpe (1963), as suggested
by Ledoit & Wolf (2001). This can be interpreted as choosing between two extremes, an N-
factor model and a one-factor model. We denote the estimated covariance matrix implied
by the single-index market model of Sharpe (1963) as F and as T' — oo, it is assumed to
converge to ®, for which we have ® # 3. We write the resulting shrinkage estimator as

oF + (1 —a)S. (32)

It is also assumed that the asset returns are independent and identically distributed (iid)
and that they have finite fourth moments. Furthermore, N is kept fixed while T' — oco.
The difficulty lies in finding the optimal shrinkage intensity «. For a fixed N, S will be
consistent as T' — oo, while F' will not. Thus the shrinkage intensity should vanish asymp-
totically. The most important contribution of Ledoit & Wolf (2001) is the formulation of
an objective function that does not depend upon the inverse of the covariance matrix, as
opposed to all previous work. Consequently, this is the first shrinkage estimator that does
not break down when N > T'. The objective is quite natural. It is a quadratic measure of
the distance between the true covariance matrix and the shrinkage estimator.

Definition 2. The squared Frobenius norm of a N x N symmetric matrix A with entries
aij, 1,5 = 1,2,...,N, and eigenvalues X\;, 1 = 1,2,...N, is defined by

N N N
IA: = tr(A%) =) "> af = AL (33)
i=1

i=1 j=1
Using the Frobenious norm, Ledoit & Wolf (2001) defines the quadratic loss function
between the shrinkage estimator and the true covariance matrix as

L(a) = ||oF + (1 — a)S — Z|. (34)

Then, simply setting the first derivative of the expected value of L(«) equal to zero yields
the optimal shrinkage intensity as

N N
o 2oim1 2oy Varlsi] — Covlfij, 8]
T N N :
doim1 2j=1 (Varlfi; — si] + (i — 045)?)
Proposition 4. Let w denote the sum of asymptotic variances of the entries in the

sample covariance matriz scaled by VT, ie. m = Ziil Zjvzl AsyVar[v/Ts;;].  Simi-
larly let p denote the sum of asymptotic covariances of the entries in the single-index

(35)
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covariance matriz with entries in the sample covariance matriz, also scaled by /T, i.e.
p= Zfil Z;V:l AsyCov[V/T fi;,V/Tsi;]. Finally let v be a measure of the misspecification
of the single-index covariance matriz, i.e. v = vazl Z;-Vzl(@j —045)%

shrinkage intensity satisfies

Then the optimal

a*:lﬂ_p+0(1>. (36)

T ~ T2
Proof. See Ledoit & Wolf (2001). O
Determined by the constant
T—p
K= S (37)
we can thus write the asymptotically optimal shrinkage estimator as
%F+(1—%)S (38)

We note that, just as Ledoit & Wolf (2001) points out, through the calculations in this
section we have never actually used the fact that F is the single-index covariance matrix,
only that it is an asymptotically biased estimator. As a matter of fact, equations 38 & 37
extend to (almost) any biased covariance matrix estimate of choice.

4.2 Estimating the Optimal Shrinkage Intensity

Now, it is important to realize that the parameters 7, p and v are not directly observable,
so consequently they have to be estimated. To start, the parameters are decomposed so
that 7 = YN, Z;-V:lﬂ'ij where 7;; = AsyVar[v/Ts;;], p = Zf\ilz;\;l pij where p;; =
AsyCOV[\/Tfij7\/T$ij] and v = Zf\; Ejvzl vi; where vi; = (¢i; — 045)%. Also, let s;p
be the sample covariance between the return of asset ¢ and the market. The consistent
estimators of 7, p and v are then proposed by Ledoit & Wolf (2001) in the following
lemmas.

Lemma 1. A consistent estimator for m;; is given by

T
. 1 _ _
Tij :TZ((Tit_Ti)("’jt_'rj)_sij)2~ (39)
t=1
Proof. See Ledoit & Wolf (2001). O

Lemma 2. A consistent estimator for py is given by py; = @y For the off-diagonal
lement istent estimator is given by pi; = & S pije, wh
elements a consistent estimator is given by pi; = 5 Y, Pije, where

SiMSMMTit + SiMSMMTjt — SiMSjMT Mt

Pijt = 5 Tt Tt i — fijSij (40)
SMm

and
Tamt =TMt —TM
Tip =T — T

Tape = Tj — Tj-

12



Proof. See Ledoit & Wolf (2001). O

Lemma 3. A consistent estimator for yi; = (¢5; — 0i5)? is given by its sample equivalent
Yij = (fis — si5)*-

Proof. See Ledoit & Wolf (2001). O
Thus, the consistent estimator for the optimal shrinkage constant can be written as

- p

R 5 (41)
and consequently the asymptotically optimal shrinkage estimator towards the single-index
covariance matrix is . A

kO (1 - ”) S. (42)
T T

4.3 Shrinkage Towards a Principal Component Model

We will now extend the estimator of Ledoit & Wolf (2001) to the case when the shrinkage
target is a K factor principal component covariance matrix. Inspired mostly by the results
of Plerou et al. (2001), we extract the principal components from the sample correlation
matrix rather than directly from the sample covariance matrix itself. The intuition in
this is that since the largest eigenvalues with belonging eigenvectors may sometimes be
attributed to either market or industry phenomena, we want to examine whether or not
we can improve the estimator proposed by Ledoit & Wolf (2001) by in a (admittedly very
mathematical) way adding industry effects. Another more statistical line of logic can be
seen by separating the sample correlation matrix into two parts. One that we are pretty
sure describes true correlations such as the market and industry effects and one that is
mostly influenced by estimation noise, but still carries some degree of information. Plerou
et al. (2001) suggest that we should throw away the second part completely and disregard
any information it may or may not contain. What we would hope to accomplish in this
section is that rather than removing it completely and losing potential information, we
merely reduce its effect in an (asymptotically) optimal way. In this way the part of the
sample correlation matrix that we are more confident in becomes more prominent. This
is easily seen using equations 23 & 25. Since the K largest eigenvalues and their corre-
sponding eigenvalues are contained in both the sample estimate and the shrinkage target,
they will receive the weight (1 — «) + a = 1. The influence of the last N — K eigenvalues
on the other hand, will be reduced since the weight they receive is only 1 — a < 1.

If we take a look at the parameters m, p and 7 we note that, just as Ledoit & Wolf
(2001) again points out, the formulas for # and 4 does not change with the choice of
shrinkage target. The formula for p, however, needs some modification.

We denote the final principal component covariance matrix by Px and we have
Py = V1/2 (LLT + \II) V12, (43)

where K is the number of eigenvalues of the sample correlation matrix that deviates
significantly from the maximum eigenvalue prediction of equation 29. It follows from the
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definition of ¥ in equation 26 that the diagonal of Pg is equal to the diagonal of the
sample covariance matrix, i.e. pg i = S;. For the off-diagonal elements we use the fact
that the coefficients ¢;; are equal to \//\T-e,»j. Combining this with proposition 2 we get
the off-diagonal elements of P g as

K K
DK,ij = 8iSj E linls, = 8555 E V Ak€ik V Akejk
k=1 k=1

K
= 5;8; Z Corr(z;, fx]Corr|z;, fi]

k=1
B Std[z;]Corr[z;, fr]Std[fx] Std[z;]Corr|z;, f&]Std[fx]

= S Z Std[z;]Std([ fx] ]Std [zj]sjtd [fr] (44)
B Cov(z;, fx]Cov(z;, fi] K siCovlz;, fx]s;Coviz;, fi]

= %% Z Var|[fx] ; Var| fi]

X rlﬂfk COV[T 7fk}
:Zl Var|f] =

where, for the sake of readability, Var[-], Std[-], Cov[-, -] and Corr[-, -] should be taken as the
sample estimates. Slightly modifying lemma 2, we now propose the lemma for consistently
estimating p when shrinking towards a K factor principal component covariance matrix.

Let s;f, denote the sample covariance between the return of asset i and the kth prin-
cipal component of the sample correlation matrix.

Lemma 4. A consistent estimator for py is given by py; = @y For the off-diagonal
elements a consistent estimator is given by p;; = % Zle Pijt, where

K
Z i fiStufrTit + SifiSfufu®jt — SifiSife Sht

~ farari| — pragsi;  (45)
=1 S fr

Pijt =

and we use

zjt = (rje = 75)

Tit = (Tit — 7i)

fr=0k=12 . K.
Proof. On the diagonal pg ;; = s;; and hence p;; = 7;;. For the off-diagonal elements we
have pr ;; = Zszl SifeSife/Sfefn- A first order Taylor series expansion then yields

i; = AsyCov \fZ SifeSite \/Tg,.) = ZAsyCov VT [T

i1 Sfifr S frfu

~ Z [ il psyCov[VTsif, ,VT'sij] + —L& AsyCov[VT'sjp, VTsiy)  (40)

O fifr O fi fr

MAsyCov[ﬁsfkfk, \/fsm]] .
Ty fi

14



Consistent estimators for oyf,, 0jr, and opp., £ = 1,2,.., K, are the sample estimates
Sifes Sife and sp, ., k= 1,2, .., K. The usual estimator for AsyCov[v/Ts,,, VTs;;] where
q = Z"j?fk? k = 1’2)"7K7 is

T
1 i z _ _
T D ((rge = 7a) (fre = fi) = sap) (rie = 7o) (rje = 7)) = s15) - (47)
t=1
Putting this into equation 46 together with some manipulation yields equation 45. O

Finally we can write the asymptotically optimal shrinkage estimator towards a K factor
principal component covariance matrix as

R K

T—p

where & is given by

i= (49)

B
and 7, p and 4 are estimated using lemmas 1, 4 & 3 respectively.

A nice property of this estimator compared to the one of Ledoit & Wolf (2001), is that
it does not depend on an exogenously given covariance matrix, such as the one from the
single-index model. We simply re-use some of the building blocks of the sample covariance
matrix. Our estimator may therefore be useful in applications beyond the economical
context, where a clear and natural factor such as the market is not present.

4.4 An Alternative Shrinkage Estimator

Jagannathan & Ma (2000) argue that different plausible covariance matrix estimators
based on different assumptions make errors in different directions. One should therefore
avoid putting all ones belief in one single estimator and try to diversify ones beliefs by
using a portfolio of estimators where the errors hopefully cancel out. The intuition be-
hind this is very similar to the one behind the shrinkage estimator. Jagannathan & Ma
(2000) recommend a portfolio consisting of the sample covariance matrix, the single-index
covariance matrix and a matrix consisting of the diagonal part of the sample covariance
matrix. In other words an N factor model, a one factor model and a zero factor model.
Jagannathan & Ma (2000) argue that since little is known about the covariance structure
of the estimation errors of the different estimators, equal portfolio weights is the safest
approach. Nothing is said to further motivate the choice of estimators.

5 Empirical Results

5.1 Data

The data consists of monthly returns on Swedish stocks from the year 1977 to 19973
corrected for dividends and capital changes such as splits etc. The stocks are those from

3Courtesy of Hossein Asgharian, Department of Economics at the School of Economics and Manage-
ment, University of Lund.
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the Swedish AI1-listan (excluding banks and financial firms) and together they make up
more than 95% of the total value of the market.

5.2 Evaluation Methodology

To test the performances of the different estimators we follow Ledoit & Wolf (2001) and
Chan et al. (1999). Starting 1st January 1985 we use historical data from eight years back
in order to estimate the covariance matrices. This is the in-sample period. We then form
the respective MVP’s and hold them for six months. This is the out-of-sample period. At
the end of the six months the covariance matrices are re-estimated, again using data eight
years back in time and the portfolios are re-balanced accordingly and held for another six
months. This process is repeated until 1st July 1997, which is the last re-balancing point.
The interesting metric is the out-of-sample standard deviation of this portfolio strategy. It
is important to add that we allow ourselves to disregard stocks whose returns do not cover
the entire out-of-sample period. Obviously this is not an option for an actual investor, but
we motivate it by the fact that it further increases the stress on the covariance matrix. A
valid question is why we only use the MVP as opposed to all other MV efficient portfolios.
The reason is quite clearly that the impact of the covariance matrix on the portfolio is max-
imized when the portfolio depends solely on the covariance matrix, as the MVP does. All
other portfolios also need an estimate of the expected returns, which is not a trivial matter.

Our situation differ in two ways from the one of Ledoit & Wolf (2001). Firstly, we only have
access to 20 years of stock returns whereas Ledoit & Wolf (2001) uses 33 years altogether.
The implications of this is that we have to shorten the in-sample and the out-of-sample
periods. Ledoit & Wolf (2001) use 120 months and twelve months respectively. We use 96
months and six months. In this way we get 26 re-balancing points. We will discuss this
choice in more detail in section 5.7. The second difference is that although our sample
represents a large portion of the Swedish market, it is small in comparison to the sample
of stocks used by Ledoit & Wolf (2001) which is in the range of 909 to 1,314. The number
of stocks in our portfolios vary between 44 and 61. However, since this paper is concerned
with covariance matrix estimation for portfolio selection on the Swedish market, this dif-
ference is somewhat irrelevant. Worth mentioning is also that Jagannathan & Ma (2000)
consider 30-56 stocks in their studies and that Plerou et al. (2001) use 422-1000 stocks,
but on very short time scales (down to 30-min returns).

5.3 Covariance Matrix Estimators to be Considered

The sample covariance matrix An important note is that given our sample size, we
will not run into the problem of it not being invertible. Thus we do not have to use the
pseudo-inverse to invert it and we can make a fair comparison to the other covariance
matrix estimators. We also include a diagonal model which is a matrix consisting of only
the diagonal elements of the sample covariance matrix.

The single-index market model This is the covariance matrix implied by the market
model of Sharpe (1963), defined in equation 10. For the market index we consider two
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alternatives. (1) a simple average over all stocks, as in Ledoit & Wolf (2001) and (2) a
value weighted market index, as in the work of Jagannathan & Ma (2000).

The K factor principal component model This is the covariance matrix estimator
defined in equation 43. In the work of Ledoit & Wolf (2001), a five factor estimator
is used. They are however extracted from the actual sample covariance matrix and not
from the sample correlation matrix, as we do. Plerou et al. (2001) use thirteen principal
components, although they do not call it a principal component model.

Shrinkage towards the single-index market model This is the covariance matrix
estimator defined in equation 42, as proposed by Ledoit & Wolf (2001). Again, we will
try both alternatives for the market index when computing the single-index covariance
matrix.

Shrinkage towards a K factor principal component model This is the covariance
matrix estimator proposed in equation 48.

A portfolio of estimators This is the covariance matrix estimator covered in sec-
tion 4.4. The estimator, as proposed by Jagannathan & Ma (2000), is an equally weighted
portfolio of the sample covariance matrix, a matrix containing only the diagonal elements
of the sample covariance matrix and the single-index covariance matrix computed from a
value weighted index. We will try to modify it in two ways. (1) by replacing the value
weighted market index with a simple average over all stocks and (2) by replacing the
single-index covariance matrix with a K factor principal component covariance matrix.

Constrained portfolio optimization We will also see if there is any reduction in out-
of-sample standard deviation as a result of imposing no short selling restrictions.

As a benchmark, a naive investment strategy of investing an equal amount in all stocks is
also included.

5.4 Analysis of the Out-of-Sample Standard Deviations

Reported in table 1 are the out-of-sample standard deviations for the various minimum
variance portfolios calculated from the above mentioned covariance matrix estimators.
The standard deviations are annualized through multiplication by /12 and expressed in
percents. Unconstrained standard deviation means that there are no restrictions beside
the budget restriction. Constrained standard deviation means that we have imposed the
no short selling restrictions. The so called standard errors on the estimates are obtained
by delaying the start of the evaluation procedure by one month at a time and recording the
results until we reach July 1985 and then taking the standard deviation of the outcomes for
each estimator. All single-index covariance matrices are calculated from a value weighted
market index. This because the single-index covariance matrix itself showed improvement
when we calculated it from the value weighted market index? and it is first and foremost

4An unconstrained out-of-sample standard deviation of 18.35 vs. 18.64.

17



Unconstrained | Constrained

Standard Standard

Deviation Deviation
Sample Estimate 26.89 (3.46) | 18.90 (0.13)
Equally Weighted Portfolio 24.50 (0.17) 24.50 (0.17)
Diagonal Model 22.41 (0.14) | 22.41 (0.14)
Single-Index Market Model 18.35 (0.18) 18.30 (0.08)
Single Factor PC Model 18.06 (0.20) 18.01 (0.08)
Shrinkage To Market 17.80 (0.23) 18.32 (0.10)
Average of Sample, Diagonal and Market 17.58 (0.13) 18.32 (0.06)
Shrinkage To Single PC 17.55 (0.24) 18.20 (0.09)
Average of Sample, Diagonal and Single PC | 17.40 (0.13) 18.22 (0.06)

Table 1: Unconstrained an constrained annualized out-of-sample standard deviations ex-
pressed in percents. The standard errors on the estimates are given in parenthesis.

a good market model we are after. The shrinkage estimator and the portfolio of estima-
tors actually performed slightly better when the market index was taken as the simple
average®, but from a strictly economical point of view we still feel it is safer to choose
the value weighted market index. We also found that using only one principal component
in the shrinkage estimator and the portfolio of estimators performs by far the best, why
we write single principal component covariance matrix as opposed to a K factor principal
component covariance matrix. This will be discussed in the next section.

For the unconstrained estimates we see that the sample covariance matrix performs the
worst, followed by the naive investment strategy. Apparently the sample covariance ma-
trix contains so much estimation error that we even are better off by simply investing
in an equally weighted portfolio without concerning ourselves with neither variances nor
covariances. The large influence of estimation error in the sample covariance matrix also
shows itself in the sense that the standard error on the performance is by far the largest,
implying that it is also very sensitive to small changes in data. In fact, the only standard
error that is large is the one of the sample covariance matrix, all other standard errors
are quite small. The estimator where we have replaced the single-index covariance ma-
trix in the portfolio of estimators with the single principal component covariance matrix
performs the best. It is also clear that imposing some form of structure is very beneficial.
Together with the sample covariance matrix, the single-index covariance matrix and the
single principal component covariance matrix are the only estimators that performs bet-
ter when we impose the no short selling restrictions. The sample covariance estimator is
the one that benefits the most. This comes as no surprise since this estimator is the one
that is influenced the most by estimation error and thus should gain the most from the
shrinking effect that the constraints has on large variances and covariances. The improve-
ment for the single-index covariance matrix and the single principal component covariance
matrix is minor in comparison. For all other estimators the performance is reduced by

5Unconstrained out-of-sample standard deviations of 17.80 vs. 17.66 and 17.58 vs. 17.42.
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the constraints. This is reassuring since if we have a good covariance matrix estimate to
begin with, the performance should not be improved when imposing further constraints,
it should at best be unaffected. Another observation we can make about the constrained
estimators is that the performance of the last six estimators in table 1 is about the same,
perhaps excluding the single principal component covariance matrix. What is interesting
is that this similarity does not seem to reflect itself in the individual portfolio weights.
Although the weights show similar overall movements, they are still somewhat spread out.
Thus, even though the portfolio weights are sensitive to differences in the covariance ma-
trix, this does not have a lot of impact on the actual out-of-sample performance. This can
be interpreted as if the multi-dimensional function surface that we optimize over is quite
flat.

It is interesting that both the shrinkage estimator and the portfolio estimator is improved
when we replace the single-index covariance matrix with the single principal component
covariance matrix. On their own, the single principal component covariance matrix is also
better than the single-index covariance matrix. We can interpret this in the following way.
The first principal component is given by the first eigenvector of the sample correlation
matrix and this eigenvector can in turn be re-scaled and interpreted as a portfolio. If we
take a look at its elements we find that they are all positive and about equally large (see
figure 1). Furthermore, there are no particular groupings of the stocks. It is therefore a
factor common to all stocks. This is what we expected and we interpret it as the market
factor. We conclude therefore that, compared to the simple average used by Ledoit &
Wolf (2001), the first eigenvector might be a better representative of the prevailing market
portfolio within the available universe of stocks. However, although the single factor prin-
cipal component covariance matrix is constructed through the linear combination of the
original returns that explain the market structure in terms of their correlations, we must
realize that the actual principal component cannot really be interpreted as a market index.
Because we extracted it from the sample correlation matrix, the principal component is a
linear combination of the standardized returns and not the real ones. The single principal
component covariance matrix can therefore not be interpreted as the result of a regression
on a market index. Thus, to test if it can really serve as a market portfolio, we simply
take the eigenvector, re-scale it and use it to calculate a market index for the original
variables. Using it to estimate the single-index covariance matrix yields an unconstrained
out-of-sample standard deviation of 18.38, which is a clear improvement. We also plug it
into the shrinkage estimator and the portfolio of estimators and the results are 17.59 and
17.51 respectively, which both are improvements. If we allow ourselves to be a little bit
bold, there is also another way of looking at the situation. If we accept the fact that the
first eigenvector may be a good estimate of the prevalent market portfolio, the principal
factor solution may simply be a better way of estimating the market model covariance
matrix than running a simple linear regression. In this way it may also be better than the
actual value weighted index.
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Figure 1: The elements in the re-scaled eigenvector belonging to the largest eigenvalue.
The eigenvector is from the sample correlation matrix in the last in-sample period of our
test.

5.5 Analysis of Our Shrinkage Estimator

It is a bit surprising that it does not seem to be optimal to use K’s larger than one in the
shrinkage estimator towards a principal component covariance matrix and the portfolio of
estimators. This implies that there are no significant industry factors explaining covari-
ances on the Swedish market, at least not in the sense of principal components. What we
have for K = 1 is thus still a kind of market model. This absence of industry effects is
nicely illustrated by looking at the random matrix prediction for the maximum eigenvalue
bound, as defined in equation 29. For N = 60 and T' = 96 we calculate Q@ = T/N = 1.6
and thus the prediction for the maximum eigenvalue is A4, = 3.21. Plerou et al. (2001)
found that several eigenvalues deviated significantly from this prediction®, we do not. In
figure 2 we present the EDF of the eigenvalues. The first eigenvalue of the last sample cor-
relation matrix in our evaluation equals 23.47. That is a strong deviation, but the second
eigenvalue, however, equals 3.50. That hardly differs from the prediction at all. In figure 3
we plot the first and the second eigenvalues for all 26 re-balancing points together with
the maximum eigenvalue prediction of equation 29. What we see is that the largest eigen-
value always deviates significantly from the prediction, while the second largest eigenvalue
actually lies under the prediction most of the time. It is therefore close at hand to suspect
that all eigenvalues except the largest one are more or less dominated by estimation noise.
Nothing can therefore be gained by ever including them in the prior.

If we also compare our study with the study of Plerou et al. (2001) by computing the
percentage of eigenvalues used to construct the principal component covariance matrix,
it turns out that we use almost the same percentage. We use 100 - (1/60) = 1.67% and
Plerou et al. (2001) use 100 - (13/1000) = 1.30%. One main difference between our two
studies is the number of stocks considered and this is obviously a result of this. Hence,
one possible reason as to why we do not detect any industry factors may simply be that

6Their prediction was 1.94.
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Figure 2: The EDF for the eigenvalues of the sample correlation matrix in the last in-
sample window together with the theoretical distribution (smooth curve).
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Figure 3: The first and second eigenvalue throughout the 26 re-balancing points plotted
against the maximum eigenvalue prediction for a random correlation matrix.

we do not have a large enough sample for the effects to appear, at least not in a clear and
stable way.

5.6 Shrinkage Intensities

In figure 4 we show how the optimal shrinkage intensities for the single-index covariance
matrix and the single principal component covariance matrix have behaved over the 26 re-
balancing points. We can see that they indeed behave rather like constants over time and
that they tend to vary around 0.77. This can be interpreted as if there is about twice as
much estimation error in the sample covariance matrix as there is bias in the two shrinkage
targets. It is interesting that the shrinkage intensity for the single principal component
covariance matrix is generally larger than the one for the single-index covariance matrix.
An explanation might be that there is a lesser amount of bias in single principal compo-

"The mean values are 0.65 and 0.69 respectively.
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nent covariance matrix than in the single-index covariance matrix. That they are similar
in their behavior again hints at that the single principal components covariance matrix
also is a kind of market model.

Shrinkage to market
— Shrinkage to PC

Figure 4: Optimal shrinkage intensity estimates, /T, throughout the 26 re-balancing
points for shrinkage towards the single-index market covariance matrix and shrinkage
towards the single principal component covariance matrix.

But are the intensities really optimal? Jagannathan & Ma (2002) argue that the answer
is no. To test some of the validity of this statement, we examine how the two shrinkage
estimators perform when the intensities are either (1) completely random® or (2) equal to
0.5. For case (1) we find that the annualized out-of-sample standard deviations are in the
range 18-20. For case (2) that the annualized out-of-sample standard deviation is 17.97 for
shrinkage towards the single-index covariance matrix and 17.87 for shrinkage towards the
single principal component covariance matrix. Thus, unlike Jagannathan & Ma (2002), we
find that we have little reason to doubt that the shrinkage intensities we have estimated
are in fact the best guesses we can produce without looking out-of-sample.

5.7 The Estimation Window

Amongst all talk about optimal estimators, there are still two parameters that usually
are chosen very much arbitrarily, namely the length of the in-sample and out-of-sample
periods. We have not yet really motivated our choices other than that we had to shorten
the out-of-sample length in order to extract a sufficient number of covariance matrices
to evaluate from our relatively small sample. It is obvious that we form twice as many
portfolios when we use six month out-of-sample windows compared to using twelve months
(as in the case of Ledoit & Wolf (2001) and Jagannathan & Ma (2000)). Besides from
being more or less a necessity, this choice seems rather innocent. But to shorten the in-
sample, or estimation window, (relative Ledoit & Wolf (2001) and Jagannathan & Ma
(2000)) from 120 months to 96 months is a bit more questionable. Of course by doing so,

8 Uniformly distributed between zero and one.
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we increase the number of out-of-sample periods from 22 to 26°, but this is not that large
a difference. Looking at the situation from another angle, there should intuitively be an
optimal length of the estimation window. If we use a too large window we run the risk
of using information that is too old and hence the quality of our estimates will reduced.
On the other hand, if we use too little data, our estimates will become unstable. This
discussion is completely left out in the literature we have come across. Without further
motivation, either 60 months or 120 months is normally chosen. We would however like
to argue that this choice is also important, since all improvements that can be made on
the covariance matrix estimates are important. Especially so in our sample, since the
results in table 1 seem to be rather sensitive to changes in the length of the estimation
window. This comes as somewhat of a surprise since no such behavior is prevalent in
the work of Jagannathan & Ma (2000). Nor is it mentioned in Ledoit & Wolf (2001).
Whether it is a result of our small sample size, differences between Swedish and US stock
returns or choosing sub-optimal estimation windows is hard to say without further studies.
Nevertheless, to test the effect of the estimation window size, we compare the results from
using 120, 96, 72 and 60 month estimation windows'®. As expected, the sample covariance
matrix favors a lot of data, mainly since it becomes quite ill-conditioned for 72 and 60
months, while the diagonal model is virtually unaffected. The results for the single-index
covariance matrix and the single principal component covariance matrix are also quite
stable and besides that the single principal component model shows an out-of-sample
standard deviation of 18.06 for 120 months vs. 18.13 for 96 months, they both show the
best out-of-sample performance for the 96 month estimation window. The remaining four
estimators all show significantly better out-of-sample performance for 96 months than they
do for 120, 72 and 60 months. Thus, since roughly all estimators perform the best when
we use 96 month estimation windows, this seems to be (at least empirically) the optimal
length. Our motivation for choosing 96 months is then that it is reasonable to make the
comparison between the estimators when they all perform at their best. Furthermore,
since we do not work with the same data set as Jagannathan & Ma (2000) and Ledoit &
Wolf (2001), the numerical values are not directly comparable anyway and we can take
this liberty.

5.8 Portfolio Weights

In table 2 we present the maximum and minimum portfolio weights averaged over the
26 out-of-sample periods. Firstly, we note that besides being good estimators, the two
portfolio estimators are also those that on average provide us with the most attractive
portfolios in the sense that they require the least amount of short selling. Short selling
is, as we mentioned earlier, sometimes hard to carry out in practice for most investors.
Secondly, a pairwise similarity between the single-index covariance matrix and the single
principal component covariance matrix, between the two shrinkage estimators and between
the two portfolio estimators is evident. In fact, the six last estimators all show very similar
values. Could it be that the difference between the portfolios we form is not that large?

9Also, there is on average eight more assets in the portfolios when we use the 96 month estimation
window as there is for the 120 month estimation window.

0For all estimation window lengths, we begin estimation 1st January 1987 so that we always form 22
portfolios.
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Max Min Short
Weight | Weight | Interest
Sample Estimate 34.94 -41.09 | 229.33
Diagonal Model 3.63 0.35 0
Single-Index Market Model 16.14 -15.05 67.98
Single Factor PC Model 16.18 -14.64 70.37
Shrinkage To Market 16.95 -16.67 71.78
Average of Sample, Diagonal and Market 15.56 -7.43 42.20
Shrinkage To Single PC 17.15 -16.11 72.86
Average of Sample, Diagonal and Single PC | 15.62 -7.35 43.85

Table 2: The average maximum and minimum portfolio weights together with the average
amount of short interest, which essentially is the sum of all negative portfolio weights. All
values are given in percents.

And if so, when do they separate? As a measure of the difference between the portfolios in
a certain month, we use the variance of the six out-of-sample portfolio return observations
of that month. We present the result in figure 5. What is interesting is that the largest
differences occurs around 1992. This is a well known turbulent period in the Swedish (and
international) economy'!. The conclusion is therefore that the shrinkage estimators and
portfolio estimators are better equipped for handling such extreme periods of time'?. This
is also nicely shown in figure 6 where we have plotted the cumulative sum of the de-meaned
and squared out-of-sample realizations for the last six estimators in table 2. As expected,
the slopes show a clear divergence between 1991 and 1995, i.e. it is this period that causes
most of the difference in out-of-sample performance between the estimators. There is also
some divergence between 1985 to 1988. As a matter of fact, the market seems to have two
rather clear states in our sample. The slope between 1985 to 1988 and 1991 to 1995 is
about the same. This can be interpreted as a risky state. Meanwhile, the slope between
1988 to 1991 and 1995 to 1998 is about the same. This can be interpreted as a normal
state. To illustrate this further, we re-estimate table 1 for the filtered sample where we have
removed the years 1991, 1992, 1993 and 1994. The result is presented in table 3. Focusing
on the last six estimators, we see that the unconstrained performance of the two portfolio
estimators (especially) and the two shrinkage estimators is relatively unchanged, while
the performance of the single-index covariance matrix and the single principal component
covariance matrix shows clear improvement. What has also happened is that the spread of
the standard errors on the estimates have decreased compared to those in table 1. Hence,
under normal market conditions the performance of the last six estimators is resonably
similar, but as we deviate from normal conditions the only estimators showing a stable level
of performance are the portfolio estimators and the shrinkage estimators. If we consider
the constrained estimators, we see that the difference from the unconstrained estimators

Tt was e.g. in this period (September 1992) that the Swedish central bank raised the marginal lending
rate to 500%.

12We here mean events that span over longer periods of time and not events such as those in October
1987 (Black Monday) which is a singular event that effected all estimators exactly the same.
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is not as large as it was when we used the entire sample. The importance of being able to
short sell stocks thus seems to be of greater importance when the market is in risky states
than when it is in a normal state. We also see that when the market is in this normal
state, the constrained sample covariance matrix performs rather well.

150

50 b

I I I
1986 1988 1990 1992 1994 1996 1998

1 1 1 1
1986 1988 1990 1992 1994 1996 1998

Figure 5: Top: Measure of the difference between the unconstrained portfolios of the last
six estimators in table 2 every month between January 1985 and December 1997. Bottom:
The out-of-sample portfolio realizations between January 1985 and December 1997 for the
last six estimators in table 2.

6 Conclusion

In this paper we have focused on the improvement of covariance matrix estimation for
asset returns on the Swedish market. This is one of the two input parameters in the
Mean-Variance theory of Markowitz (1952,1959) for portfolio selection, the other being
the expected return vector. We have looked at the use of Bayesian shrinkage and principal
component analysis together with random matrix theory.

We have proposed two estimators. (1) A shrinkage estimator where we shrink the sam-
ple covariance matrix towards a single principal component covariance matrix, based on
the work of Ledoit & Wolf (2001). We simply replaced the single-index market model
covariance matrix used by Ledoit & Wolf (2001), with the single principal component
covariance matrix. Doing this, we had to slightly modify the formula for the optimal
shrinkage intensity. The intention behind this estimator was to decrease the contribution
from the lower (noisy) part of the spectrum of the sample correlation matrix while we
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Figure 6: The cumulative sum of the de-meaned and squared out-of-sample portfolio
realizations for the last six estimators in table 2.

Unconstrained | Constrained

Standard Standard

Deviation Deviation
Sample Estimate 23.78 (1.00) | 17.95 (0.12)
Equally Weighted Portfolio 20.61 (0.14) | 20.61 (0.14)
Diagonal Model 20.44 (0.13) 20.44 (0.13)
Single-Index Market Model 17.96 (0.12) | 17.89 (0.10)
Single Factor PC Model 17.65 (0.12) 17.81 (0.13)
Shrinkage To Market 17.64 (0.13) 17.68 (0.12)
Shrinkage To Single PC 17.57 (0.11) 17.73 (0.13)
Average of Sample, Diagonal and Market 17.47 (0.12) | 17.89 (0.10)
Average of Sample, Diagonal and Single PC | 17.45 (0.11) | 17.88 (0.11)

Table 3: Table 1 re-estimated when the years 1991 to 1995 have been removed from the
sample.

kept the (stable) part that stems from the largest eigenvalue and its eigenvector intact.
We motivated this by the work of Plerou et al. (2001) and the prediction for the largest
eigenvalue of a completely random correlation matrix. An attractive property of our mod-
ification to the shrinkage estimator of Ledoit & Wolf (2001) is that it does not depend
on an exogenously given covariance matrix such as the single-index covariance matrix.
We simply re-use some of the building blocks from the sample covariance matrix and as
it turns out, we still manage to keep some economical interpretation in that the largest
eigenvalue and its eigenvector can be interpreted as a market factor. Since the form of
our shrinkage estimator is rather general in that it is not based on any explicit economical
assumptions, it may be useful in applications outside an economic context. (2) An equally
weighted portfolio consisting of the sample covariance matrix, the diagonal part of the
sample covariance matrix and the single principal component covariance matrix, based on
the work of Jagannathan & Ma (2000). This can either be seen as diversifying amongst
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estimators or like extending the shrinkage estimator of Ledoit & Wolf (2001) to the case
of several estimators. Again, we simply replaced the single-index covariance matrix with
the single principal component covariance matrix. The downside of this estimator might
be that it is not sufficiently motivated mathematically, at least not in contexts other than
economics. The upside is of course that it is easily calculated.

The reason as to why we write single principal component covariance matrix as opposed
to a K factor principal component covariance matrix is that our analysis showed that it
is only fruitful to use one principal component on the Swedish market. Only the first
eigenvalue of the sample correlation matrix ever deviates significantly from the maximum
eigenvalue prediction of a random correlation matrix.

Empirically, both our estimators show improvement relative to their predecessors and
our portfolio of estimators performs the best out of all competing estimators. The shrink-
age estimator comes in second. It would be interesting to try out the two estimators on
US data in order to investigate if any improvement can be made for K > 1. The use of US
data would also be interesting as a comparison since the results from the Swedish market
seem to be quite sensitive to the length of the estimation window.
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